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Abstract

In this paper we show that the Manara problem in the case of Sraffa’s gener-
alised multiple production case arises due to misidentification of ‘basic goods’
in such a system. We argue that ‘goods’ should be defined from the perspec-
tive of the system and not the observer. We provide a mathematical procedure
to consistently and objectively define basic and non-basic goods in a multiple
production case. Once this is done, the Manara problem disappears.

1 Introduction

In his influential paper, ‘Sraffa’s Model for the Joint Production of Commodities by
Means of Commodities’, Carlo F. Manara [1968] (1980) showed that in the general
case of Sraffa’s (1960) multiple production system a Standard system may not exist
in the realm of real space. This has stood as a serious technical road block on the
path of generalizations and development of Sraffa’s economic theory. In this paper
we argue that in a generalized multiple production case, the definition and the iden-
tification of ‘basic goods’ and the techniques or processes of production associated
with a system of only basic goods are more complex than hitherto understood. And
that the Manara problem arises because the ‘basic goods’ of the system are misiden-
tified, leading to self-reproducing sub-systems hiding inside the so-called system of
only basic goods.

In a single production system, a good is clearly identified by the sector or the
technique that produces it. Since each good is produced by only one technique and
each technique produces only one good, the system is always square and the tech-
niques cannot be combined to form other techniques. In this case, the identification
of the goods that do not directly or indirectly appear in the production of all the
goods (i.e., ‘non-basics’) can be made in a straight forward manner by observation.
Since each non-basic good is associated with one independent technique, by sup-
pressing all those techniques that produce non-basic goods we end up with a square
system of only basic goods. If the system of the basic goods has more than one good
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than a technique cannot use just the good it is producing (otherwise, the system
must turn into a one-good ‘corn’ economy). In other words, there cannot exist a
self-reproducing sub system within a system of only basic goods. It is well known
that for such a system an associated Standard system exists.

This property, however, does not necessarily hold in a generalized multiple pro-
duction case. For one could think of a process or a technique using n goods and
producing the same n goods. If the quantities of all the n goods used are less than or
equal to their outputs, then this system of one technique is self-sufficient. This, as
we shall show below, is a disguised one-good ‘corn’ economy. Since by observation
we find that all the n goods are basics as they are all required for the production
of the n goods, the usual way to solve such a system is to add n − 1 linearly inde-
pendent processes that also use and produce n goods in different proportions. This
gives us a square system to solve for n − 1 prices and the rate of profits of the sys-
tem. The problem with such a procedure is obvious: it combines a self-reproducing
sub system into a system that is supposed to be made up of only “basics” implying
that there was no self-reproducing sub system within it. In a generalized multiple
production system, self-reproducing sub systems may hide in a complicated manner
within apparently a system of only basic goods.

Sraffa was well aware of the fact that in the case of multiple production system
the definition of the ‘basic goods’ was not so straight forward as in the case of
single production system (1960, para 57-59, pp. 49-51). He, however, seemed to
be interested in the case of multiple production systems only to the extent that it
took into account the byproducts such as aging machines as byproduct of a process
or a technique of production.1 In general, the case of byproducts may be defined
as a system of production in which each technique is allowed to produce at most
one good that it uses as input and that all other inputs used by the technique are
not produced and all other outputs are not used as inputs by the same technique.
We shall show that in such a restricted system of multiple products, no hidden self-
reproducing sub system could exist within a system of only basic goods as defined
by Sraffa, i.e., in a multiple product system of only byproducts a Standard system
always exists; and thus no Manara problem could emerge.

However, in a general case when a process or technique is allowed to produce as
many goods as it uses as its input, then the Manara problem must be confronted.
As we have alluded above, the root of this problem lies in misidentification of basic
goods. In a single product case, when we define a “good” from the perspective of an
observer it coincides with the perspective of the system as well. A system is defined
by the exchanges the various sectors or techniques must make amongst themselves to
be able to reproduce itself; and since in a single product system a sector is defined
by the observed good it produces, there is a one-to-one relationship between the

1In a recent paper Schefold (2005, p. 545) reports: “When he [Sraffa] was confronted with
the difficulties of joint production systems, which had surfaced in the 1960s and early 1970s, he
told me that, if he had known, he should have written much less about general joint production
systems and more about fixed capital and land, and that he would have liked to treat only part
of the problematic of joint production and, finally, that it might have been better to begin the
exposition with the analysis of fixed capital, followed only by some thoughts on joint production
in general.”
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goods observed and the goods exchanged amongst the sectors of the system. Such
one-to-one relationship between the identification of a “good” by an observer and
the system as such does not necessarily exist in a multiple production case. For
example, let us suppose that all the techniques use two goods ‘x’ and ‘y’ in the same
proportion as 1 : 1. For an outside observer the system is using and producing two
distinct goods, ‘x’ and ‘y’, but in reality the system is always exchanging the bundle
(x + y) as one good against other goods amongst itself. Thus from the system’s
perspective there are not two goods, ‘x’ and ‘y’, out there but rather one good ‘z’
(= x + y).

Thus what we need to do is to find out how goods are defined from the perspective
of the internal structure of the system itself. To do so, we apply a mathematical
procedure, which we call transformation of goods and techniques, on any given
system of generalized multiple production. We could start off with a given square
or even a non-square system. Sraffa (1960, pp. 43-44) assumes that the proportion
in which a process uses the n goods as inputs is different from the proportion in
which it produces them as outputs2 and that any arbitrary proportion can be met
using rescalings. This assumption together with Sraffa’s criterion that the system
must be composed only of basic goods is sufficient for maintaining a system to be
square.3 Sraffa makes this assumption to ensure that his given system can be solved
for positive prices and the rate of profits. Since we are only interested in finding a
system of basic goods and the existence of its associated Standard system, we could
start off with even a given non-square system, as our transformation procedure
guaranties that the system of only basic goods will always turn out to be square.

In brief, the procedure of transforming goods amounts to repackaging the goods
such that we get one full column on the input side with only zero entries. Once
we get that we suppress that column and go on to see if further repackaging would
lead to finding another column of inputs with only zero entries. If we find that we
suppress that column as well. We continue this procedure till we find that we can no
longer get a column of inputs with only zero entries. Then we apply the procedure
of transforming the techniques. In this case we multiply all the output entries by
the same factor. This does not change the equality of rates of profit. As we decrease
the factor, it may turn out that a group of techniques is globally consuming more of
each good than it is producing. If it is the case, we suppress those techniques. We
go on suppressing such unproductive techniques till we find that no such techniques
are left. After which we again go back to see if further transformation of goods
is possible and subsequently for the transformation of techniques till we arrive at a
combination of goods and techniques where no more transformation is possible. This
system will always be square and we call it an atomic system since the given system
can no longer be reduced beyond this point — any attempt to do so will break the
system. Below we prove that all such atomic systems have a real eigenvalue and
thus a real Standard system.

2Sraffa’s use of the term, “required for use” (p. 43, f.n. 2), is usually interpreted as requirement
for final use given the total demand. We think that it is a misinterpretation. “Requirement for
use” only refers to the use of goods as inputs at the given scale of production.

3Even if there are non-basics, Sraffa needs the system to be square in any case in order to solve
the prices and the rate of profits.
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It should be noted that the reduction of any given system to a system of only
basic goods transforms a physical system into an economical system. For example,
in para 59, pp. 50-51, Sraffa (1960) takes an example of a physical square system
with four goods with two goods ‘b’ and ‘c’ produced by one process only but while
‘b’ does not enter in the production of any process, ‘c’ enters into all the four
processes. Clearly ‘b’ in this case is non-basic and removal of ‘b’ from the system
requires removal of the process that produces ‘c’. This changes the status of ‘c’ in the
system completely. It is now something akin to land, which enters into production
on the input side but not on the output side. Therefore, ‘c’ has to be removed from
the system of basic goods by applying appropriate positive and negative multipliers
on the processes to eliminate ‘c’ from the system, which reduces the system of basic
goods to a 2 × 2 square system. Though it is true that in the real system ‘c’ is a
commodity and is necessary for the production of all the four goods, its economic
status in the economic system of only basic goods completely changes. Similarly, in
an economical system a process or a technique may stand with negative multipliers.
Though it is not possible for any physical system to have negative multipliers, in an
economical system such multipliers can be meaningfully treated as debts.

In what follows, in section 2, we present the necessary mathematical tools to
study general multiple production systems. In particular, we define transforma-
tion of goods, sub systems and restrictions of systems which will be used to define
atomic systems. Section 3 is devoted to the rules which tell us how to reduce an
arbitrary system to atomic systems: we study some particular cases of unreduced
multiple production systems and determine what are their problems. These con-
siderations will indicate what the atomic systems and the four reduction rules are.
By generalizing the particular cases, we study the consequences of these rules. We
conclude this section by giving another argument for the relevance of these rules
and by showing that they are compatible with Sraffa’s conditions in the case of sys-
tems of byproducts. In section 4, we show that an atomic system always admits an
equivalent standard system (with real entries). Finally, in section 5, we show that
the examples in Manara (1980)[1968] are not atomic systems. Manara’s results are
a product of Sraffa’s ‘beans” being present in his system of only basic goods.

2 Systems and Subsystems

In order to determine a standard system, we want to obtain a general criterion of
basic goods. It will turn out that this is not sufficient and we will need to define
indecomposable systems (such systems will be called atomic systems).

2.1 Systems

Let us consider a closed set of interacting production techniques. This set is com-
posed of m techniques consuming and producing amongst the same n goods. This
set is closed in the sense that the different techniques are only exchanging goods
between themselves: there are no other resources than what they are producing.
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To describe mathematically such a set, we proceed exactly as in the single and
byproducts cases. Let us number the techniques from 1 to m and the goods from 1
to n. The technique i is consuming a quantity ai,j of good j, is producing a quantity
bi,j of good j and uses ℓi part of the total work. Therefore, the set of techniques is
totally described by the matrices A = (ai,j) and B = (bi,j) of size m× n and by the
vector L = (ℓi) of size m.

Let m and n be positive integers. A system σ of size m × n is a mathematical
object composed of two matrices A (the input matrix) and B (the output matrix) of
size m×n and a vector L (the labour vector) of size m. The system σ is denoted by
A|L ⇒ B. Since the notion of basic goods, the values of the maximal rates of profit
and the prices do not depend on labour, we also define simplified systems (A ⇒ B).
These will be also called systems for short.

We have introduced systems as descriptions of sets of techniques. They can
also describe economical systems. Economical systems differ from sets of techniques
because if one suppresses a good or a technique as being non-basic, they still exist in
the real world. This distinction between economical systems and sets of techniques
has to be made because not all economical systems are a description of a set of
techniques. As it will appear, some economical systems may have negative entries,
and these can obviously not describe production techniques.

Let us define

Σm×n = {A ⇒ B | A, B ∈ Mm×n(R)} , (1)

Σ̂m×n = {A|L ⇒ B | A ⇒ B ∈ Σm×n, L ∈ Rm, 〈L|e〉 = 1} . (2)

where e is the vector whose coordinates are all equal to 1 with respect to the canon-
ical basis.

2.2 Hypothesis for a system to be self-reproducing

A system (A ⇒ B) ∈ Σm×n is self-reproducing if, for all 1 ≤ j ≤ n, one has

∑

i

ai,j ≤
∑

i

bi,j . (3)

In matrix terms, this can be translated as

〈

Ate|ej

〉

≤
〈

Bte|ej

〉

(4)

where ej is the j-th vector of the canonical basis. An analogous definition holds

for elements of Σ̂m×n. We denote by Σr
m×n (resp. Σ̂r

m×n) the set of the elements of

Σm×n (resp. Σ̂m×n) which are self-reproducing.

Being self-reproducing is not sufficient for a system to describe a set of techniques.
What is also needed is that the coefficients are non-negative and that total labour
is equal to 1. Therefore, we define

Σ+

m×n =
{

(A ⇒ B) ∈ Σr
m×n

∣

∣ (∀i, j)ai,j ≥ 0, bi,j ≥ 0
}

, (5)
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Σ̂+

m×n =
{

(A|L ⇒ B) ∈ Σ̂r
m×n

∣

∣

∣
(∀i, j)ai,j ≥ 0, bi,j ≥ 0, ℓi ≥ 0; 〈L|e〉 = 1

}

. (6)

A system is said to be self-sustaining if, for all j,

∑

i

ai,j =
∑

i

bi,j . (7)

If σ = (A ⇒ B) is a system, let us denote by |σ| the system (etA ⇒ etB) ∈ Σ+

1,n.

2.3 Subsystems

For a non-empty subset I ⊂ {1, . . . , m} of k elements (i.e. #I = k) and a system
σ ∈ Σ̂m×n we define the subsystem σI ∈ Σ̂k×n composed only of the rows of σ whose
index is in I. If I is not equal to the set of all indices, the subsystem is said to be
strict. We also define subsystems for elements of Σm×n.

A system which has a self-reproducing strict subsystem is said to have superflu-
ous techniques. The techniques which can be suppressed without jeopardizing the
system’s self-reproducibility are said to be superfluous.

Of course, one can set an analogous definition by suppressing goods instead of
techniques. For a non-empty subset J ⊂ {1, . . . , n} of ℓ elements (i.e. #J = ℓ) and
a system σ ∈ Σ̂m×n we define the restricted system σJ ∈ Σ̂m×ℓ composed only of
the columns of σ whose index is in J . If J is not equal to the set of all indices, the
restricted system is said to be strict. We also define restricted systems for elements
of Σm×n.

To simplify the notations, if I is a set of row indices (respectively of column
indices), we will denote by Ic the complementary set {1, . . . , m} \ I (respectively
{1, . . . , n} \ I).

2.4 Rescalings and equivalence of systems

Rescaling a system is not an operation on the set of techniques (otherwise one
assumes CRS). It is only a mathematical operation. Let Λ ∈ Rm be a vector and let
Λ̃ be the diagonal matrix whose diagonal entries are the entries of Λ. The rescaling
of σ = (A|L ⇒ B) ∈ Σ̂m×n by Λ is the system

Λ.σ = (Λ̃A|Λ̃L ⇒ Λ̃B) . (8)

There is an analogous definition for elements of Σm×n. If the entries of Λ are positive,
the rescaling is said to be positive and preserves the positivity of the elements of
the system. Furthermore, if σ ∈ Σ̂m×n, then Λ.σ ∈ Σ̂m×n if and only if Λ satisfies
〈Λ|L〉 = 1 where L is the labour vector of σ.

Two systems σ, σ′ are said to be equivalent (denoted by σ ∼ σ′) if there exists a
rescaling Λ such that Λ.σ = σ′.
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2.5 Eigenvalues

For σ = (A ⇒ B) ∈ Σm,n, we say that ρ ∈ C is an eigenvalue of σ if there exists a
non-zero vector Λ ∈ Cm such that

BtΛ = ρAtΛ . (9)

The set of all vectors satisfying this latter equation is called the eigenspace of σ with
respect to ρ. This space is denoted by Vρ(σ).

The spectrum of σ, denoted by Spec(σ), is the set of all eigenvalues of σ.

The dimension of the space Vρ(σ) is called the geometrical multiplicity of ρ.

When A and B are square matrices (i.e. m = n), one can define the characteristic
polynomial of σ by Cσ(x) = det(Bt − xAt). The eigenvalues of σ are exactly the
roots of Cσ. The algebraic multiplicity of ρ is the number of times ρ is a root of Cσ.
In other words, the algebraic multiplicity of ρ is the greatest integer α such that
Cσ(x)(x − ρ)−α is a polynomial.

2.6 Standard system

A system σ = (A ⇒ B) is said to be of the standard form if there exists ρ ∈ Spec(σ)
such that e ∈ Eρ(σ). This means that

Bte = ρAte. (10)

This latter equation is called the standard equation. To be really a standard system,
a system of the standard form needs to be atomic in the sense we will develop later.

2.7 New phenomena in multiple production systems

2.7.1 Real vs. economical systems

One has to be aware that the real systems (‘real’ in the ‘physical’ sense) have to be
in Σ̂+. But, as noticed by Sraffa, when one proceeds to the computation of prices,
one obtains new systems (economical ones) which can have some negative entries.
(For example, the standard system may have negative entries.)

This arises because when one tries to reduce a real system to an atomic system,
one is not dealing any more with quantities of physical nature but with quantities
in relation with prices. The negative entries can then be interpreted as debts.

2.7.2 Transformation of goods

Let us consider the following system:





1 0 1 1
0 1 1 1
1 0 1 1



 ⇒





0 1 3 2
3 0 0 0
0 0 2 3



 . (11)
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Obviously, this system has some problems (mostly because it is non-square) : one of
these problems is that there are infinitely many prices (even up to renormalization)
for which the maximal rates of profit are equal. This is a characteristic of non-basic
goods hiding in the system. But one would fail to find which good is non-basic
because the usual tests fail.

There is a significant difference between single and joint production which ap-
pears to have been unnoticed until now. In single production systems, the goods
are completely defined by the outputs. But in joint production there is some degree
of arbitrariness: the observer is really choosing the goods. Indeed, in a system like
(11), are the techniques exchanging two goods or are they exchanging packages of
different proportions of these two goods. In single production, this arbitrariness ap-
peared only in the measurement units. In joint production, it touches the definition
of goods itself.

In the above example, one notices that the two last goods are always consumed in
the same proportions. Therefore, the system will exchange them in this proportion.
This leads us to redefine the goods.

These changes of goods can be modeled by a matrix S which sends the new
goods to the old ones. For example, if the old units are 1 ton of coal and 1 ton of
iron and if the new ones are a package composed of 1 ton of coal and 1 ton of iron

and another package composed only of 1 ton of iron, the matrix S is

(

1 −1
0 1

)

.

Of course S has to be invertible. One particular case of transformation of goods is
rearrangement of goods.

If σ = (A ⇒ B) is a system and if S is a transformation of goods, then the
transformed system will be

σ.S = (AS ⇒ BS) . (12)

For example, if one uses the transformation of goods









1 0 0 0
0 1 0 0
0 0 1 −1
0 0 0 1









(13)

in the system (11), one obtains the new system





1 0 1 0
0 1 1 0
1 0 1 0



 ⇒





0 1 3 −1
3 0 0 0
0 0 2 1



 . (14)

Lemma 1 Let σ and σ′ be two systems and S be a transformation of goods. The
systems σ and σ′ are equivalent (σ ∼ σ′) if and only if the transformed systems σ.S

and σ′.S are equivalent (σ.S ∼ σ′.S). Furthermore, the eigenvalues of σ and σ.S

are the same and the eigenspaces are left unchanged by transformations of goods.
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Proof. If ρAtΛ = BtΛ, then ρ(AS)tΛ = (S)tρAtΛ = StBtΛ = (BS)tΛ. This
proves that the spectrum of the system is left unchanged and so are the eigenspaces.

Since S is invertible, one only needs to show one direction of the equivalence, the
converse being automatic. It is sufficient to notice that Λ̃(AS) = (Λ̃A)S and that
the same is true for the output matrix.

2.7.3 Restrictions and subsystems

Lemma 2 If σ and σ′ are equivalent systems (σ ∼ σ′), if I is a subset of the row
indices and if J is a subset of the column indices, then the systems σJ

I and σ′J
I are

equivalent (σJ
I ∼ σ′J

I ).

3 Basic goods and atomicity

In our sense, basic goods were not well defined when it comes to joint production.
We will take some few examples and the ‘basic’ definition to draw out a new notion
of ‘basic’ that we will call ‘atomic’.

3.1 Enlightening examples

3.1.1 Self-reproducing subsystem

Let us consider the system
(

1 1
1 2

)

⇒

(

2 1
0 3

)

. (15)

Here, the second technique is incapable of reproducing by its own but the first
technique can do it. Therefore, the second technique is non-basic (superfluous).
This is a new phenomenon: in the single production case, every technique is related
to a good and thus if all the goods are basic, each technique is basic. In the joint
production case this is not the case. Here, the second technique has to be eliminated
because the collapse of this technique would not jeopardize the system’s viability.

Furthermore, if some subsystem is self-reproducing, it determines its own rate
of profit. In many cases, it can turn out that the other techniques cannot afford
this rate: they are behaving like Sraffa’s “beans” (see Sraffa 1960, Appendix B) and
have to be eliminated.

3.1.2 Automatically self-reproducing subsystems

Let us consider the system




1.1 1
0.9 1
1 1



 ⇒





0 1.2
1.9 0.9
2.1 0.9



 . (16)

Here, one sees that the second technique is superfluous.
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3.1.3 Hidden non-basic good

Let us consider the system

(

1 1
)

⇒
(

2 3
)

. (17)

Many questions may be asked. The one we ultimately want to answer is ‘which good
is basic?’.

The first thing to notice is that, depending on the prices, the maximal rate of
profit may be anything comprised between 1 and 2. The extremal values of this rate
of profit are given when one good is suppressed.

Let us use a transformation of goods. Consider the new goods as being a package
of the two goods and a package consisting only of the second good. To be more

precise the transformation of goods is given by the matrix

(

1 −1
0 1

)

. The system

becomes
(

1 0
)

⇒
(

2 1
)

. (18)

Obviously, the second new good is non-basic and suppressing it gives a corn-like
system whose maximal rate of profit is 1.

One, could have used a different transformation of goods leading to the system

(

0 1
)

⇒
(

−1 3
)

. (19)

In this case, the first new good is non-basic and suppressing it gives a corn-like
system whose maximal rate of profit is 2.

This shows that there may be some cases where either of the two goods may be
basic but not both of them. Obviously, the system wich is relevant for economics is
the one that gives the smallest positive maximal rate of profit.

Here is an example for which a third possibility arises:

(

1 1
)

⇒
(

2 2
)

. (20)

Obviously, this system is a disguised corn system. Depending on the point of view,
one can treat each good as being basic but also as a corn system whose single good
is a package of the two apparent goods.

3.1.4 Redundant techniques

Let us consider the system
(

1 1
2 2

)

⇒

(

3 7
6 14

)

. (21)

Obviously, the two techniques are the ‘same’ in the sense that the second technique
does not give more information on the prices: whatever prices are chosen, both
techniques will have the same maximal rate of profit. In fact, this system admits an
infinite number of ‘standard’ rates. This is characteristic of a system having more
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goods than techniques. Therefore, these two techniques have to be treated as if they
were only one technique:

(

3 3
)

⇒
(

9 21
)

. (22)

Now, let us consider the system





1 1 0
0 1 1
1 2 1



 ⇒





0 2 1
2 1 0
2 3 1



 . (23)

It is obvious that the third technique is the sum of the two others. Therefore, any
set of prices which would induce the same maximal rate of profit for the first two
techniques will automatically induce the same maximal rate of profit for the third
technique. Proceeding just as before, the system which should be considered is

(

2 2 0
0 2 2

)

⇒

(

0 4 2
4 2 0

)

. (24)

But, in fact, since we are only interested in maximal rates of profit and prices, we
can consider the system

(

1 1 0
0 1 1

)

⇒

(

0 2 1
2 1 0

)

. (25)

Just for once, we will continue the determination of the atomic system. One sees
that there is a hidden non-basic good. Let us redefine the goods: the first new good
being a package of the first and second old goods, the second new good being the
second old good and the third new good being a package of the third and second
old goods. The system becomes

(

1 0 0
0 0 1

)

⇒

(

0 1 1
2 −1 0

)

. (26)

Obviously, the second new good is non-basic and its elimination gives

(

1 0
0 1

)

⇒

(

0 1
2 0

)

. (27)

3.2 Elementary rules for suppressing non-basic goods and
techniques

What we will do first is to derive the rules to eliminate non-basic goods and non-
basic techniques from a system. Secondly, we will define ‘atomic’ systems (atomic is
in the sense that these systems cannot be reduced any further) as systems for which
these rules will not apply.

Let σ = (A ⇒ B) be a system. Each system which can be obtained from σ by
applying the elimination rules will be called a radical of σ.
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Elimination rule 1 (Non-basic goods) If σ is a system and if S is a transfor-
mation of goods such that σ.S has only non-negative entries and such that the j

column of the input matrix has only zero entries, then (σ.S){j}
c

is a radical of σ.

Elimination rule 2 (Non-independent techniques) If a technique is a linear
combination of other techniques, this technique has to be distributed to the other
techniques in a way that positive systems would lead to a positive new system.

Elimination rule 3 (Self-reproducing subsystems) If there exists a rescaling
Λ such that Λ.σ is self-reproducing and if there exists I such that (Λ.σ)I is self-
reproducing, then the superfluous techniques are to be eliminated and (Λ.σ)I is a
radical of σ.

Elimination rule 4 (Non-independent goods) If a good is a linear combina-
tion of other goods, the goods have to be redefined in a way that one good is never
consumed. This last good will be suppressed.

The way to apply the rules 2 and 4 will be discussed later in the lemmas.

3.3 Consequences of the rules

3.3.1 Preliminary lemmas

Lemma 3 Let σ = (A ⇒ B) be a system. Let Λ be a rescaling. Λ.σ is self repro-
ducing if and only if, for all j,

〈Λ|(B − A)ej〉 ≥ 0 . (28)

Let Hj = {v | 〈v|(B − A)ej〉 ≥ 0}. This is a closed half-plane. The set ∩jHj is
the set of all rescalings for which the rescaled system is self-reproducing. This is
obviously a cone. Since e ∈ ∩jHj, this cone is not reduced to 0. A subsystem of
indices I is self-reproducing if and only if

∑

i∈I ei ∈ ∩jHj.

Lemma 4 If a system has strictly more techniques than goods, then at least one
technique can be eliminated using the elimination rule 3.

Proof. If there is less goods than techniques, then D = ∩jHj contains a subspace
of dimension at least one whose action on D leaves D invariant. Therefore, there
exists a rescaling contained in D which is an element of the border of the cone of
vectors with positive coordinates. Conclusion follows from lemma 3.
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Lemma 5 Let σ = (A ⇒ B) be a self reproducing system and I, I ′ be disjoint strict
subsets of indices. If |σI | = µ |σI′|, then there exist a rescaling Λ such that Λ.σIc

is a self-reproducing system and, for all set of prices, the maximal rates of profit of
Λ.σI are equal if and only if the maximal rates of profit of σ are equal.

Proof. One only needs to define the rescaling Λ = (λi) by λi = 1 + µ if i ∈ I ′

and λi = 1 otherwise.

Lemma 6 Let σ = (A ⇒ B) be a self-reproducing system whose techniques are not
linearly independent. Then there exist I a strict subset of the row indices and Λ a
rescaling such that Λ.σIc is self-reproducing and such that, for all set of prices, the
maximal rates of profit of Λ.σIc are equal if and only if the maximal rates of profit
of σ are equal.

Proof. Let us denote by ti = (vi, wi) the rows of the system where the vi’s
and the wi’s are respectively the rows of the input and of the output matrices.
There exist real numbers αi such that

∑

i αiti = 0. Renormalizing this last relation,
one can suppose that there exists three disjoint subsets of indices I, I ′ and I ′′ and
positive real numbers β ′

i and β ′′
i such that

∑

i∈I

ti +
∑

i∈I′

β ′
iti =

∑

i∈I′′

β ′′
i ti (29)

with β ′
i < 1. Let us define the rescaling Λ = (λi) by λi = 1−β ′

i if i ∈ I ′, λi = 1+β ′′
i

if i ∈ I ′′ and λi = 1 otherwise. The conclusion follows from lemma 5.

Lemma 7 Let σ = (A ⇒ B) be a system. If there are more goods than techniques,
then there exists a transformation of goods S and a subset of the column indices J

such that, for all j ∈ Jc, the j-th good of σ.S is not consumed and the system σ.SJc

is a positive self-reproducing system.

There are some deterministic methods to reduce the system: If the input matrix
is not invertible, then, for each good, one can test whether it is independent or not
from the other goods. When a non-independent good has been located, a transfor-
mation can be easily determined by induction: first, take the column corresponding
to the good, then apply the Gram-Schmidt orthogonalization procedure to the other
columns and, finally, using the scalar product, decompose the non-independent good
with respect to the orthogonalized columns. If there are m techniques, to determine
if there is a self-reproducing sub system, one needs to solve a system of m linear
inequalities. If there is a solution which has some zero entries (but not all of them),
then the corresponding techniques are superfluous. All these methods will give us
different atomic systems. However, the atomic system and its associated Standard
system with the lowest maximum rate of profit must represent the real system to
ensure all prices to be positive (see Sraffa para 42, pp. 29-30, for a general proof).
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3.3.2 Atomic systems

Definition 1 A system is said to be atomic if none of the elimination rules applies
to it.

Lemma 8 A system σ = (A ⇒ B) ∈ Σ+
m×n is atomic if and only if all the following

properties are satisfied:

• the numbers of goods and techniques are equal (i.e. m = n);

• the techniques are linearly independent;

• the input matrix A is invertible;

• any equivalent system has no self-reproducing subsystem.

3.3.3 Another motivation for the rules

Let us suppose that there is a system for which equal maximal rates of profit give
only one set of prices (up to the norm). For any transformation of goods, there
exist unique prices for which the transformed system has the same maximal rates
of profit. Furthermore, for any rescaling, the same prices give exactly the same
maximal rates of profit. Therefore, each rule has to be invariant under rescalings
and transformations of goods.

Apart from very few cases, the system has to be square. Otherwise, either there
would be no equal maximal rates of profit or there would be infinitely many such
rates. The only exception to this is when one technique is a linear combination of
the other ones or when one good is a linear combination of the other ones. These
cases being excepted, the matrix A has to be invertible. Otherwise, there would not
be a uniqueness of prices.

If the system can be split into self-reproducing subsystems, then these subsystem
are not exchanging and the system is not a relevant description of an economy. If
there is a self-reproducing subsystem and if the other techniques cannot reproduce
themselves, then the subsystem can impose some rate which is unfordable for the
superfluous techniques.

3.4 The byproduct case

For a system of byproducts, each technique is allowed to produce at most one good
which is consumed. All other consumed goods are not produced and all other pro-
duced goods are not consumed within this technique. For example, aging-machines-
like systems and single production systems are byproducts systems.

Let σ be a system of byproducts composed only of basic goods in Sraffa’s sense.
This means that for any group of n linked goods the 2n rows involving these goods
form a matrix of rank n. From the system’s shape, this implies that the input matrix
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is invertible. Therefore, there are no hidden non-basic good and no non-independent
technique and no non-independent good. Furthermore, from the system’s shape,
since all goods are basic, there cannot be any self-reproducing sub system. Thus,
we have proven that any system of byproducts composed only of basic goods in
Sraffa’s sense is an atomic system.

4 The standard system

Let σ = (A ⇒ B) ∈ Σm×m be an atomic system. Since A is invertible, the spectrum
of σ is non-empty (i.e. there exist some eigenvalues).

One can modify the system σ only by diminishing some entries of B in a way
to obtain a subsistence system. Therefore, one can define a continuous application
t 7→ Bt from [0, 1] to Mm(R) and σt = (A ⇒ Bt) such that:

• σ0 = σ;

• σ1 is a subsistence system;

• for all t, σt is a self-reproducing system;

• if t < t′, then 〈Btei|ej〉 ≥ 〈Bt′ei|ej〉 for all i, j.

Let us suppose that σ admits only complex eigenvalues. Since σ1 is a subsistence
system, its maximal eigenvalue is 1. Therefore, there exists t0 ∈ [0, 1] such that σt0

has a real eigenvalue and, for all t < t0, σt has only non-real eigenvalues. One can
suppose that t0 = 1, if the hypothesis that σ1 is a subsistence system is discarded.

There is a continuous function t 7→ λt such that λt is an eigenvalue of σt. Of
course, λ1 is real and its algebraic multiplicity is equal to 2 at least.

Let us suppose that the geometric multiplicity is also greater or equal to 2. Then,
proceeding as in lemma 4, one can conclude that there is a rescaling for which one
technique of σ1 can be eliminated using rule 3. Since we only diminished the outputs
of the system σ in order to obtain σ1, the same rescaling can be used to eliminate a
technique of σ. Therefore, σ was not atomic.

Let us suppose that the geometric multiplicity is equal to 1. Then, using a trans-
formation of coordinates, the matrix (At)−1Bt contains a ‘shearing’. One can then
conclude that there is a subsystem of σ1 which is self-reproducing. As before, this
means that the system σ has also a subsystem which is self-reproducing. Therefore,
σ is not atomic.

This proves the following:

Theorem 1 If σ is an atomic system, its spectrum contains a real and positive
eigenvalue. Therefore, any atomic system admits a standard system.

In fact, complex eigenvalues are a sign of a self-reproducing subsystem: Al-
though, there are some cases where self-reproducing subsystems do not automati-
cally lead to complex eigenvalues, the complex eigenvalues arise when the superfluous
techniques cannot match the maximal rate of profit of the subsystem.
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5 The Manara problem

In Manara (1980)[1968], one can easily notice that all the examples that lead to
complex eigenvalues have a self-reproducing subsystem.

The first example is





1 2 1
2 1 2
1 3 2



 ⇒





2.9 1.2 0.1
1.2 2.9 1.2
1.9 3.9 3.9



 . (30)

Let us recall that the notations of Sraffa and Manara are not compatible. Manara
displays the techniques into columns instead of rows. The notation used here is the
one of Sraffa.

A simple verification shows that the third technique is capable of self-reproducing.
Therefore, the two other techniques have to be eliminated. This gives

(

1 3 2
)

⇒
(

1.9 3.9 3.9
)

, (31)

which is a system with hidden non-basic goods: One can apply Sraffa’s tax test in
order to check this fact. Eliminating the non-basic goods, and choosing the system
with the smallest maximal rate of profit gives the corn system

(

3
)

⇒
(

3.9
)

. (32)

The other example one finds in Manara is

(

1 1.1
1.1 1

)

⇒

(

1.09 1.144
1.144 0.99

)

. (33)

Here again, the first technique is self-reproducing. Elimination of the superfluous
technique and of the hidden non-basic good will give the corn system

(

1.1
)

⇒
(

1.144
)

. (34)

In fact, these examples involve some Sraffa’s ‘beans’. Indeed, in the last example,
the first technique has a rate of profit between 0.04 and 0.09 and the second one has
a rate of profit between −0.01 and 0.04. A priori, these two techniques can have the
same maximal rate of profit which would be 0.04. But, in fact, the first technique
reaches this rate when the price of the first good is zero while the second technique
reaches this rate when the price of the second good is zero. We are confronted here
with a new kind of ‘beans’: the techniques are incapable of having the same rate
of profits even when the prices are not positive. To reach equal maximal rate of
profits, it is needed to ‘twist’ the prices and, therefore, to introduce complex prices.
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